We consider correlation functions of operators and the operator product expansion in two-dimensional quantum gravity. First we introduce correlation functions with geodesic distances between operators kept fixed. Next by making two of the operators closer, we examine if there exists an analog of the operator product expansion in ordinary field theories. Our results suggest that the operator product expansion holds in quantum gravity as well, though special care should be taken regarding the physical meaning of fixing geodesic distances on a fluctuating geometry.
Introduction
There has been considerable success in the study of quantum gravity within the framework of field theory in recent years. Particularly, in two dimensions, a continuum formalism (Liouville theory) as well as a discretized formalism (dynamical triangulation) has been consistently developed, and they are shown to give equivalent results [1] . Correlation functions have been obtained analytically and they are found to satisfy closed recursive relations, which make the theory solvable [2] . In spite of these developments, we are still lacking in the viewpoints of the renormalization group and the operator product expansion (OPE), which would provide a way to see how the theory behaves when we change the scale. The main difficulty in their realization lies in the fact that in quantum gravity the metric field, which could be used to fix the scale, is integrated over.
There have been several attempts to study the renormalization group in quantum gravity.
In 2 + ǫ-dimensional quantum gravity, the renormalization point can be introduced as in the ordinary perturbation theory, and the dependence of the coupling constants on the renormalization point has been studied [3] . Block-spin transformation has been considered in the context of dynamical triangulation by various people, and numerical studies seem to support the validity of the formalism at least in two dimensions [4] . Also there is a study on the effects of the gravitational dressing to the renormalization group in two-dimensional quantum gravity [5] .
However, the OPE in quantum gravity has not been studied yet. In this paper, we study it in two-dimensional quantum gravity. For this purpose, we must introduce the notion of the distance between local operators. In quantum gravity we can use the geodesic distance, which is general coordinate invariant. Recently a formalism has been developed, which enables us to introduce the geodesic distance [6, 7] . Using this formalism we calculate correlation functions with fixed geodesic distances between the operators. By making two of the operators closer to each other, we examine if there exist OPE like relations among the operators. We insert other operators as observers and compare the correlation functions.
However, since the metric is fluctuating in quantum gravity, it is not trivial if fixing the geodesic distance corresponds exactly to fixing the scale as in the ordinary quantum field theory in the flat space. The OPE is expected to hold as a result of integrating out the local degrees of freedom. In quantum gravity, however, the meaning of the local degrees of freedom is somewhat obscure, since the metric itself is the dynamical variable. The observers, each of which we require to be at a definite distance from the two close operators, might be sensitive to some large fluctuations of "the local degrees of freedom" which should have been integrated out. We would like to shed light on such a subtlety in fixing geodesic distance in quantum gravity.
Another interesting aspect we can elucidate by using this kind of correlation functions is the fractal structure of the space-time, which has been revealed in two dimensions in Ref. [6] . There, sections of the two-dimensional surface were considered, each of which was at a fixed geodesic distance from a given point. A typical section is composed of loops of various lengths, whose distribution could be calculated analytically. The loop-length distribution shows a scaling behavior, which can be interpreted as the fractal structure of space-time.
However, it was found that the total length of the section at a fixed geodesic distance is divergent, and in this sense the fractal structure can only be seen in a somewhat indirect way through the loop-length distribution. Here we show that the two-point functions of the cosmological constant terms with fixed geodesic distances provides a more direct way to see the fractal structure. This paper is organized as follows. In Section 2, we introduce two-point functions with fixed geodesic distances. In Section 3, we show how we can see the fractal structure of the space-time in a direct way using these two-point functions. In Section 4, we calculate threepoint functions with fixed geodesic distances. By using them, together with the results for one-point and two-point functions, we examine whether there are OPE like operator relations or not. Section 5 is devoted to the summary and outlook.
Two-point Functions with Fixed Geodesic Distances
Throughout this paper, we consider pure gravity in two dimensions.
1 For simplicity, the topology of the two-dimensional manifold is restricted to be a sphere. We introduce a correlation function of two loops with fixed geodesic distance, which is formally defined as follows (See Fig. 1 ).
Since we treat pure gravity we cannot compare results of our calculations with those of any theories in flat space. It is interesting to include matter degrees of freedom and see how OPE in ordinary theories in flat space is modified due to the effects of coupling to gravity. 
The geodesic distance d(C 1 , C 2 ) between the loops C 1 and C 2 is defined by 2) where d(P 1 , P 2 ) is the geodesic distance between the points P 1 and P 2 in the ordinary sense.
Here we consider such an amplitude that each of the loops C 1 and C 2 has a marking point.
This quantity can be calculated using the proper-time evolution kernel, which is defined as the amplitude with the entrance loop C of length l and the exit loop of length l ′ , where each point P ′ on the exit loop C ′ is at the geodesic distance D from the entrance loop C in the sense that
We adopt the convention that the exit loop has a marking point and the entrance loop not.
The Laplace transform of the proper-time evolution kernel is obtained as [6] 
A(ζ; D; t) is a function defined as
where . The correlation function of two loops can thus be calculated using the disk amplitude F and the proper-time evolution kernel N.
Using the proper-time evolution kernel, we can express the correlation function of two 9) where F (l; t) is the disc amplitude, whose Laplace transform is given by 10) and Fig. 2 indicates the diagram corresponding to Eq. (2.9). Eq. (2.9) can be evaluated as
where
14)
15)
The r.h.s of (2.13) should depend only on D = D 1 + D 2 , and this is indeed the case since it is written in terms of y 1 y 2 , which is
This is an example of the consistency condition mentioned in Ref. [8] .
Let us next pinch the loops in order to obtain the local operators. This can be done by expanding the above result in terms of 1/
where G nm (D, t) can be regarded as the two-point correlation function of the operators O n and O m with the fixed geodesic distance D.
The explicit forms of G nm 's are obtained as
. . . which cannot be seen without fixing the geodesic distance. We also comment that G 11 (D, t) agrees with the result obtained in Ref. [9] in a different way.
Fractal Structure of the Space-time
Using the two-point correlation functions with fixed geodesic distances obtained in the previous section, we can study the fractal structure of the space-time. For this purpose, let us consider the two-point correlation function of the cosmological constant terms, which can be formally written in the following way. The thermodynamic limit A → ∞ can be obtained by expanding Laplace-transformed expressions around t = 0. If we expand F (ζ; t) in terms of t, we have
Since the first two terms come from small universes, they should be subtracted when we take the thermodynamic limit t → 0. Therefore the only one-point function that remains nonzero after the thermodynamic limit is F 1 . As in the case of two-point functions, we identify F 1
as an expectation value of the scaling operator O 1 , which is known to correspond to the cosmological constant term. In what follows, we use the notation
3)
Similarly if we expand G 11 in terms of t, we have
Hence in the thermodynamic limit, we have
Here, we have two terms O(t 0 ) and O(t 1 ) that have to be subtracted when we take the t → 0 limit, which is in contrast to the case of the usual cylinder amplitude, where we need only one subtraction. This can be naturally understood, since the two operators, which are constrained to be apart from each other by the distance D, behave as one operator in a large space-time.
Using the above expressions in the thermodynamic limit, (3.1) can be evaluated as
Therefore, the Hausdorff dimension of the space-time is d h = 4, which agrees with the one given through the loop-length distribution [6] . In Ref. [6] , it has been pointed out that the total length of the boundary at the geodesic distance D from a given point is not well-defined in the continuum limit. However, the area of the region within the geodesic distance D ∼ D + ∆D is a well-defined quantity as we have seen. Thus, we are able to observe the fractal structure of the space-time more directly by considering the two-point correlation functions of the cosmological constant terms than by considering the loop-length distribution.
We note that in Ref. [9] it is also argued that d h = 4 by examining the scaling behavior for the finite volume universe.
Operator Product Expansion in Quantum Gravity
In this section, we examine if the operator product expansion holds in quantum gravity in the sense that two operators close to each other can be regarded as one when viewed from a distance. Although we are able to obtain some of the OPE coefficients by comparing twopoint functions and one-point functions, the first nontrivial check of the OPE as operator relations can be given by inserting one extra operator as an observer. For this purpose, we need the three-point functions, which we calculate in the next subsection.
Figure 3: The correlation function of three loops with fixed geodesic distances. The geodesic distance between the loop C 1 of length l 1 and the loop C 2 of length l 2 is fixed to be D. The geodesic distance between the loop C 3 of length l 3 and the union of the loops C 1 and C 2 is fixed to be D ′ . Each of the loops is considered to have a marking point.
Three-Point Functions with Fixed Geodesic Distances
We consider a correlation function of three loops with fixed geodesic distances, which is formally defined as follows (See Fig. 3 ).
where we have specified the geodesic distance between C 3 and the union of C 1 and C 2 . Each of the three loops is considered to have a marking point.
When D < D ′ , we can calculate the above quantity by the same technique with which we calculate the correlation functions of two loops. H(l 1 , l 2 , l 3 ; D; D ′ ; t) can be calculated as the sum of three contributions. Making use of the consistency condition, we can evaluate H I and H II by the diagrams in the r.h.s. of Fig. 4 , which can be expressed as
We obtain the following results for H I and H II . 5) where (4.12) In order to calculate the three-point functions, we expand
. 
Calculation of the Coefficients of the OPE
Let us study if there exists a set of operator relations, which corresponds to the OPE, such [6, 7] and that fixing the geodesic distance D by delta function in the l.h.s.
If there is such an identity between operators, we should have the following relations.
Note that from dimensional analysis it follows that
Because of (4.17) and (3.4), we can determine C On the other hand, by comparing the three-point functions and the two-point functions,
we can determine C k nm for general k through (4.16). Moreover, by changing the third operator O l , we can obtain C k nm many times, which provides a consistency check on the operator relations (4.14). We have calculated C k nm with 1 ≤ n, m ≤ 2 from the relation (4.16) for 1 ≤ l ≤ 10. The results are shown in Tables 1-3 . We see that, for 1 ≤ k ≤ 6, the results obtained from different l coincide. Note also that the results for k = 1 coincide with the ones obtained by comparing the two-point functions and the one-point function.
For k ≥ 7, however, the coefficients obtained from different l do not coincide. The interpretation of this fact shall be given in the next subsection.
Interpretation of the Results
In this subsection, we will explain why we obtained the consistent results for k ≤ 6 and not for k ≥ 7 in the previous subsection.
The operator product expansion in ordinary field theories states that the two operators which are close to each other can be viewed as a superposition of various single operators.
The existence of such a property itself comes from the fact that the dynamical degrees of freedom surrounding the two operators smear out the detail of the local structure. When we put other operators to see the operator product expansion, we put them outside the region surrounding the two operators which are close to each other in order to ensure that the observer operators see what comes out after the integration over the surrounding degrees of freedom. In ordinary field theories, this can be guaranteed by demanding that the observer operators are at a definite distance from the two operators. In quantum gravity, however, we must be careful, since the metric is fluctuating. There are two cases for the positions of the observer operators at a definite distance from the two operators.(See Fig. 5 ): In case 1 the observer operator can be regarded to be outside the region surrounding the two close operators, whereas in case 2 it is at a definite distance because of a large fluctuation of the local degrees of freedom in the metric which should be integrated out. We expect OPE holds in case 1. As we will show in the remainder of this subsection, the calculations of the coefficients C k nm for k ≤ 6 are affected only by configurations corresponding to the case 1, whereas those for k ≥ 7 are affected by configurations of both the case 1 and the case 2.
Therefore we can expect that OPE holds true for k ≤ 6 but not for k ≥ 7. We consider this as a natural explanation for the results in the previous subsection.
Let us then see how the above claim can be made. First, we will distinguish the two cases The section of the surface at the geodesic distanceD from the union of the two close operators is composed of many loops, one of which is attached to the mother universe. The case 1 corresponds to the situation where the observer operator lies in the mother universe, while in the case 2 it lies in one of the baby universes. mentioned above definitely as follows. Let us consider a section of the surface at a geodesic distanceD from the union of the two close operators (See Fig. 6 ). We can take an arbitrary value forD if it is greater than D/2 and smaller than D ′ . The section is composed of many loops. It is known that only one of the loops is attached to the mother universe (infinitevolume universe) and the others are attached to baby universes (finite-volume universes) [10] . The case 1 corresponds to the situation where the observer operator lies in the mother universe, while in the case 2 it lies in one of the baby universes.
As in the previous subsection, let us consider the comparison between the three-point functions and the two-point functions. The case 2 corresponds to the configuration in Fig.   7 , where the observer operator O l is in a baby universe. As we explained in Section 3, taking the thermodynamic limit corresponds to taking the term proportional to t 3/2 . Since the contribution from the mother universe part is proportional to t 3/2 , those from baby universe parts should be proportional to t 0 . Hence, from dimensional analysis the baby universe part where the observer operator lies in Fig. 7 gives the factor In this way, we have explained why we obtained the consistent OPE coefficients for k ≤ 6
and not for k ≥ 7.
Summary and Discussion
In this paper, we have calculated the correlation functions with fixed geodesic distances up to three-point functions. We found that there are scaling operators O n with even n, which can not be seen unless the geodesic distance is fixed. Elucidating why these new operators appear is an open problem. From the two-point functions of the cosmological constant terms with fixed geodesic distances, we were able to see the fractal structure of the space-time in a more direct way than it was seen through the loop-length distribution. We examined the OPE in quantum gravity, namely if two operators close to each other can be viewed as a superposition of operators when seen from a distance. By comparison of three-point and two-point functions, as well as by comparison of two-point and one-point functions, we obtained the OPE coefficients C k nm , which are found to be consistent for k ≤ 6. This is because the calculations of the coefficients C k nm for k ≤ 6 are affected only by the configurations where the observer operators lie in the mother universe. On the contrary, we obtained inconsistent results for k ≥ 7 because they are affected by both configurations where the observer operators lie in the mother and the baby universes.
There are several things that need to be clarified further. First of all, we should calculate N-point functions with N ≥ 4 in order to check further the consistency of the operator product expansion given in this paper. We should see if we can make the C k nm consistent for k ≥ 7 as well by restricting all the observers to be in the mother universe. Considering higher genus and including matter degrees of freedom are also interesting extensions of our analysis.
We expect that operator product expansion holds in the case of higher-dimensional quantum gravity as well. We hope that this kind of approach will eventually enable us to understand the universality class of quantum gravity.
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